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Abstract
A digraph without any cycle of length two is called an oriented graph. The local-edge-connectivity (u, v) of two vertices u
and v in a digraph or graph D is the maximum number of edge-disjoint u.v paths in D, and the edge-connectivity of D is deﬁned
as (D) = min{(u, v)|u, v ∈ V (D); u = v}. Clearly, (u, v) min{d+(u), d−(v)} for all pairs u and v of vertices in D. Let
(D) be the minimum degree of D. We call a graph or digraph D maximally edge-connected when (D) = (D) and maximally
local-edge-connected when
(u, v) = min{d+(u), d−(v)}
for all pairs u and v of vertices in D.
In this paper we show that some known sufﬁcient conditions that guarantee equality of (D) and minimum degree (D) for an
oriented graph D also guarantee that D is maximally local-edge-connected. In addition, we generalize a result by Fàbrega and Fiol
[Bipartite graphs and digraphs with maximum connectivity, Discrete Appl. Math. 69 (1996) 271–279] that each bipartite digraph of
diameter at most three is maximally edge-connected.
© 2007 Elsevier B.V. All rights reserved.
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1. Terminology and introduction
We consider ﬁnite graphs and digraphs without loops and multiple edges. For any digraph or graph D the vertex
set is denoted by V (D) and the edge set (for digraphs also called arc set) by E(D). If v is a vertex of a digraph
D, then we denote the sets of out-neighbors and in-neighbors of v by N+(v) and N−(v), respectively. Furthermore,
the minimum out-degree, minimum in-degree and minimum degree of a digraph D are denoted by +(D), −(D) and
(D) = min{+(D), −(D)}. The local-edge-connectivity (u, v) of two vertices u and v in a digraph or a graph D is
the maximum number of edge-disjoint u.v paths in D, and the edge-connectivity of D, denoted by (D), is deﬁned as
(D) = min{(u, v)|u, v ∈ V (D); u = v}. Clearly, (u, v) min{d+(u), d−(v)} for all pairs u and v of vertices in
D. We call a graph or a digraph D maximally edge-connected when (D)= (D) and maximally local-edge-connected
when
(u, v) = min{d+(u), d−(v)}
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for all pairs u and v of vertices in D. For two vertex sets X, Y of a digraph or graph let (X, Y ) be the set of edges from
X to Y. If D is a digraph or graph and X ⊆ V (D), then let D[X] be the subdigraph or subgraph induced by X, and
let X¯ = V (D) − X. A digraph without any cycle of length two is called an oriented graph. If D is an oriented graph
with the property that the underlying graph contains no complete subgraph of order p + 1, then we say that the clique
number (D) of D is less or equal p. In other graph theory terminology we follow Chartrand and Lesniak [5].
Sufﬁcient conditions for digraphs or graphs to be maximally edge-connected were given by several authors, for
example: Chartrand [4], Jolivet [16], Lesniak [17], Plesník [19], Goldsmith and White [13], Boesch and Chen [2],
Bollobás [3], Goldsmith and Entringer [12], Soneoka et al. [21], Plesník and Znám [20], Volkmann [23,24], Fàbrega
and Fiol [9,10], Xu [27], Dankelmann and Volkmann [6–8] and Hellwig and Volkmann [14,15]. However, closely
related conditions for maximally local edge-connectivity have received little attention until recently. Fricke et al. [11]
have shown that some known sufﬁcient conditions that guarantee that a graph G is maximally edge-connected also
guarantee that G is maximally local-edge-connected.
Our ﬁrst observation demonstrates that each maximally local-edge-connected graph or digraph is maximally edge-
connected too.
Observation 1.1. If a digraph or a graph D is maximally local-edge-connected, then it is maximally edge-connected.
Proof. Since D is maximally local-edge-connected, we have (u, v) = min{d+(u), d−(v)} for all pairs u and v of
vertices in D. This implies
(D) = min
u,v∈V (D){(u, v)} = minu,v∈V (D){min{d
+(u), d−(v)}} = (D). 
In this paper we show that some sufﬁcient conditions by Ayoub and Frisch [1] and by Volkmann [26] that guarantee
equality of (D) and minimum degree (D) for an oriented graph D even guarantee that D is maximally local-edge-
connected. In addition, we generalize a result by Fàbrega and Fiol [10] that each bipartite digraph of diameter at most
three is maximally edge-connected.
Our proofs are based on the following well-known consequence of Menger’s [18] theorem.
Lemma 1.2. Let u and v be a pair of vertices in the digraph or graph D. Then (u, v)q if and only if |(S, S¯)|q
for all subsets S ⊂ V (D) such that u ∈ S and v ∈ S¯.
2. Oriented graphs
Theorem 2.1. Let D be an oriented graph of order n and minimum degree . If n4+ 1, then (u, v)=min{d+(u),
d−(v)} for all pairs u and v of vertices in D.
Proof. Let u and v be any two vertices of D. As noted above, (u, v) min{d+(u), d−(v)}. In view of Lemma 1.2, it
remains to show that |(S, S¯)| min{d+(u), d−(v)} for all S ⊂ V (D) with the property that u ∈ S and v ∈ S¯. Let S be
such a set.
Case 1:Assume that |S|n/2. Then the condition n4+1 implies |S|2. Since D is an oriented graph, we have
|E(D[S])| |S|(|S| − 1)/2 and hence we obtain
|(S, S¯)|
∑
y∈S
d+(y) − |S|(|S| − 1)
2
=
∑
y∈S
(d+(y) − ) + |S|− |S|(|S| − 1)
2
. (1)
If we deﬁne the real function g(x) = −x(x − 1)/2 + x, then we observe that
min
x∈I {g(x)} = g(1) = g(2) = ,
L. Volkmann / Discrete Mathematics 307 (2007) 3207–3212 3209
where I is the interval 1x2. Since 1 |S|2, inequality (1) leads to
|(S, S¯)|
∑
y∈S
(d+(y) − ) + d+(u) − + = d+(u).
This yields the desired inequality |(S, S¯)|d+(u) min{d+(u), d−(v)}.
Case 2: Assume that |S¯|n/2. Analogously to Case 1, we then obtain |(S, S¯)|d−(v) min{d+(u), d−(v)}, and
the proof of Theorem 2.1 is complete. 
UsingTheorem 2.1 andObservation 1.1, we immediately obtain the following sufﬁcient condition for oriented graphs
to be maximally edge-connected.
Corollary 2.2 (Ayoub and Frisch [1]). Let D be an oriented graph of order n and minimum degree . If n4 + 1,
then (D) = (D).
Theorem 2.3. Let p2 be an integer, and let D be an oriented graph of order n with minimum degree  and the clique
number (D)p. If
n4
⌊
p
p − 1
⌋
− 1,
then (u, v) = min{d+(u), d−(v)} for all pairs u and v of vertices in D.
Proof. If u and v are any two vertices of D, then we will show in the following that |(S, S¯)| min{d+(u), d−(v)} for
all S ⊂ V (D) with u ∈ S and v ∈ S¯.
Case 1: Assume that |S|n/2. Then the hypothesis implies
1 |S|2
⌊
p
p − 1
⌋
− 1 2p
p − 1 − 1. (2)
Since (D)p, the well-known Theorem of Turán [22] (see also [25, p. 212]) yields
|E(D[S])| p − 1
2p
|S|2,
and hence we deduce that
|(S, S¯)|
∑
y∈S
d+(y) − p − 1
2p
|S|2
=
∑
y∈S
(d+(y) − ) + |S|− p − 1
2p
|S|2. (3)
If we deﬁne the real function g(x) = −x2(p − 1)/2p + x, then we observe that
min
x∈I {g(x)} = g(1) = g
(
2p
p − 1 − 1
)
= − p − 1
2p
,
where I is the interval 1x2p/(p − 1) − 1. According to (2) and (3), we obtain
|(S, S¯)|
∑
y∈S
(d+(y) − ) + − p − 1
2p
d+(u) − + − p − 1
2p
= d+(u) − p − 1
2p
.
Using the fact that |(S, S¯)| is an integer, we arrive at the desired inequality |(S, S¯)|d+(u) min{d+(u), d−(v)}.
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Case 2: Assume that |S¯|n/2. Analogously to Case 1, we then obtain |(S, S¯)|d−(v) min{d+(u), d−(v)}, and
the proof of Theorem 2.3 is complete. 
The following result of Volkmann [26] is an easy corollary of Theorem 2.3.
Corollary 2.4 (Volkmann [26]). Let p2 be an integer, and let D be an oriented graph of order n with minimum
degree  and the clique number (D)p. If
n4
⌊
p
p − 1
⌋
− 1,
then (D) = (D).
3. Bipartite digraphs
We start with a known result by Fàbrega and Fiol [10] on bipartite digraphs of diameter at most three.
Theorem 3.1 (Fàbrega and Fiol [10]). If D is a bipartite digraph of diameter at most three, then (D) = (D).
Example 3.2. Let p2 be an integer and let H1 and H2 be two copies of the complete bipartite digraph K∗p,p with
the bipartitions
V (H1) = {x1, x2, . . . , xp} ∪ {x′1, x′2, . . . , x′p}
and
V (H2) = {y1, y2, . . . , yp} ∪ {y′1, y′2, . . . , y′p}.
We deﬁne the bipartite digraph D as the union of H1 and H2 together with the new arcs x1y1, x2y2, . . . , xpyp and
y1x1, y2x2, . . . , ypxp. Then D is of order n = 4p, (D) = p and D is of diameter 3. However,
(xi, yi) = p<min{d+(xi), d−(yi)} = p + 1
for i = 1, 2, . . . , p, and therefore D is not maximally local-edge-connected.
This example shows that a bipartite digraph of diameter at most three is not maximally local-edge-connected in
general. However, the following extension of Theorem 3.1 is valid.
Theorem 3.3. If D is a bipartite digraph of diameter at most three, then
(u, v) = min{d+(u), d−(v)}
for all pairs u and v of vertices in the same part of D.
Proof. Let D be a bipartite digraph of diameter at most three with the bipartition V (D) = V ′ ∪ V ′′, and let u and v be
two arbitrary vertices in the same part of D. We will show in the following that |(S, S¯)| min{d+(u), d−(v)} for all
S ⊂ V (D) with u ∈ S and v ∈ S¯.
Now let S1 ⊆ S and S¯1 ⊆ S¯ be the set of vertices incident with an edge of (S, S¯) and deﬁne S0 = S − S1 and
S¯0 = S¯ − S¯1. In addition, let S′0 = S0 ∩ V ′, S′1 = S1 ∩ V ′, S′′0 = S0 ∩ V ′′, S′′1 = S1 ∩ V ′′, S¯′0 = S¯0 ∩ V ′, S¯′1 = S¯1 ∩ V ′,
S¯′′0 = S¯0 ∩ V ′′, and S¯′′1 = S¯1 ∩ V ′′ (see the ﬁgure).
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Case 1: Assume that |N+(x) ∩ S¯|1 for all x ∈ S. This implies the desired inequality as follows:
min{d+(u), d−(v)} |N+(u)| = |N+(u) ∩ S¯| + |N+(u) ∩ S|
 |N+(u) ∩ S¯| +
∑
x∈N+(u)∩S
|N+(x) ∩ S¯|

∑
x∈S
|N+(x) ∩ S¯| = |(S, S¯)|.
Case 2:Assume that there exists a vertex x ∈ S with N+(x)∩ S¯ =∅. Assume, without loss of generality, that x ∈ S′0.
Since the diameter of D is most three, we conclude that S¯′0 = ∅.
Subcase 2.1: Assume that S¯′′0 = ∅. Then it follows that |N−(y) ∩ S|1 for all y ∈ S¯, and we obtain
min{d+(u), d−(v)} |N−(v)| = |N−(v) ∩ S| + |N−(v) ∩ S¯|
 |N−(v) ∩ S| +
∑
y∈N−(v)∩S¯
|N−(y) ∩ S|

∑
y∈S¯
|N−(y) ∩ S| = |(S, S¯)|.
Subcase 2.2: Assume that S¯′′0 = ∅. Using once more the hypothesis that D is of diameter at most three, we deduce
that S′′0 = ∅. Now we distinguish the three possible cases that u ∈ S′0, u ∈ S′1 or u ∈ S′′1 .
If u ∈ S′0, then N+(u) ⊆ S′′1 and thus |(S, S¯)| |S′′1 |d+(u) min{d+(u), d−(v)}.
If u ∈ S′1, then S′′0 = ∅ implies
min{d+(u), d−(v)} |N+(u)| = |N+(u) ∩ S¯′′1 | + |N+(u) ∩ S′′1 |
 |N+(u) ∩ S¯′′1 | +
∑
x∈N+(u)∩S′′1
|N+(x) ∩ S¯′1|

∑
x∈S1
|N+(x) ∩ S¯1| = |(S, S¯)|.
In the remaining case that u ∈ S′′1 , the hypothesis that u and v belong to the same part leads to v ∈ S¯′′0 ∪ S¯′′1 .
If v ∈ S¯′′0 , then N−(v) ⊆ S¯′1 and thus |(S, S¯)| |S¯′1|d−(v) min{d+(u), d−(v)}.
If v ∈ S¯′′1 , then S¯′0 = ∅ implies
min{d+(u), d−(v)} |N−(v)| = |N−(v) ∩ S¯′1| + |N−(v) ∩ S′1|
 |N−(v) ∩ S′1| +
∑
y∈N−(v)∩S¯′1
|N−(y) ∩ S′′1 |

∑
y∈S¯1
|N−(y) ∩ S1| = |(S, S¯)|.
Since we have discussed all possible cases, the proof of Theorem 3.3 is complete. 
Next we show that Theorem 3.1 by Fàbrega and Fiol [10] is an easy consequence of Theorem 3.3.
Proof of Theorem 3.1. Suppose that = (D)< (D)= , and let S be a subset of V (D) with |(S, S¯)| = . Now it is
easy to see that S as well as S¯ contains vertices of both parts of D. Hence we can choose u ∈ S and v ∈ S¯ from the same
part and Theorem 3.3 implies (u, v) = min{d+(u), d−(v)}. Applying Lemma 1.2, we arrive at the contradiction
= |(S, S¯)|. 
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Corollary 3.4. If G is a bipartite graph of diameter at most three, then
(u, v) = min{d(u), d(v)}
for all pairs u and v of vertices in the same part of G.
Proof. Deﬁne the digraph D on the vertex set V (G) by replacing each edge of G by two arcs in opposite directions
and apply Theorem 3.3. 
Using Corollary 3.4, it is a simple matter to verify the following well-known result by Plesník and Znám [20].
Corollary 3.5 (Plesník and Znám [20]). If G is a bipartite graph of diameter at most three, then (G) = (G).
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